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MONODROMY REPRESENTATIONS OF 
HYPERGEOMETRIC SYSTEMS WITH RESPECT TO 
FUNDAMENTAL SERIES SOLUTIONS 


KEIJI MATSUMOTO 


Abstract. We study the monodromy representation of the gener¬ 
alized hypergeometric differential equation and that of Lauricella’s 
Fq system of hypergeometric differential equations. We use fun¬ 
damental systems of solutions expressed by the hypergeometric se¬ 
ries. We express non-diagonal circuit matrices as reflections with 
respect to root vectors with all entries 1. We present a simple way 
to obtain circuit matrices. 


1. Introduction 



The hypergeometric series 2 -E 1 ( 


ric differential equation, which is second order linear, and with regular 
singular points at x = 0,1, cxo. There are two natural ways to gener¬ 
alize the hypergeometric differential equations: one is to higher rank 
ordinary differential equations and the other is to integrable systems 
of differential equations of multi-variables. As the former, generalized 
hypergeometric series and equations are well known. As the latter, four 
kinds of hypergeometric series and systems of hypergeometric differen¬ 
tial equations are introduced by P. Appell and G. Lauricella. 

In this paper, we study the monodromy representation of the gener¬ 
alized hypergeometric differential equation and that of Lauricella’s Fc 
system of hypergeometric differential equations. We use fundamental 
systems of solutions expressed by hypergeometric series. We express 
the circuit matrices along generators of the fundamental group of the 
complement of the singular locus with respect to each fundamental sys¬ 
tem of solutions. The aim of this paper is the presentation of a simple 
way to obtain circuit matrices. 

Let us explain our method. For each case of the study of monodromy 
representations, the problem reduces to determining a circuit matrix 
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M, since the others are trivially given as diagonal matrices. We can 
regard this target circuit matrix M as a complex reflection with respect 
to a kind of an inner product, i.e., the eigenspace of M of eigenvalue 
1 is the orthogonal complement of an eigenvector n of M of eigen¬ 
value 1). Let H be the gram matrix of our fundamental system of 
solutions with respect to this inner product. We can show that it is di¬ 
agonal. We normalize our fundamental system so that the /-eigenvector 
V of M becomes (1,..., 1). Though the matrix H is changed by this 
normalization, it is still diagonal. By regarding diagonal entries of H 
as indeterminants, we set up a system of equations by the Riemann 
scheme or the relations induced from the fundamental group. By solv¬ 
ing it, we determine the matrices H and M. 

There are several studies for the monodromy representation of the 
generalized hypergeometric differential equation, refer to BE], H, 
|Mi] . and P. For that of Lauricella’s Fc system in two variables, 
we have many ways to compute circuit matrices, refer to M, [Hn], 
|Kanj . |Katj and CP- The case of m variables, it was an open problem 
for a long time to determine the monodromy representation. We did 
not have a simple system of generators of the fundamental group of the 
complement of the singular locus. Recently, this open problem is solved 
in P: it is shown that the fundamental group is generated by m -|- 1 
loops, and that the circuit transformations along them can be expressed 
by the intersection from on twisted homology groups associated with 
Euler type integral representations of solutions. 

This paper consists of four sections. We determine the monodromy 
representations of the hypergeometric differential equation, of general¬ 
ized one, and of Lauricella’s Fc system in §2, §3 and §4, respectively. 
We can obtain the results in §2 from those in §3 by regarding the rank 
p as 2. However, we describe details in §2 since this section helps 
readers to understand our method well, and results in §2 need when 
we prove the key proposition in §4 by the induction on the number of 
variables. Our study in §4 is based on some results in p. Lemma [4.11 
is an addition to them associated with the fundamental group. This 
lemma relates a product of loops in C™ to a loop in and enables 

us to decrease the number of variables. Anyone can simply give an 
expression of the circuit matrix M for the case of two variables by the 
reduction to results in 52. 
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2. MONODROMY representation of 2F1 


2.1. Hypergeometric differential equation. The hypergeometric 


series 2 F 1 


ai, a2_ 

hi ’ 


is dehned by 


2 F 1 


fai,a2 \ ^ iO‘i,n){a2,n) 


where the main variable a; is in {x G C | |a;| < 1}, oi, 02,^1 are com¬ 
plex parameters with hi ^ —N = {0, —1, —2,... }, and Pochhammer’s 
symbol (a, n) stands for a(a -|- 1) ■ ■ • (a -f n — 1). This fnnction satisfies 
the hypergeometric differential eqnation 


( 1 ) 


d 


d 


x(l - x){—) + {hi - (ai + a 2 + l)a;}(—) - 0102 


'dx 


dx' 


fix) = 0 . 


This is a Fnchsian differential eqnation with regnlar singnlar points at 
a; = 0,1, cxD. The Riemann scheme of ([1]) is 


x = 0 a: = l X = 00 

(2) 0 0 oT” 

1 — bi bi — Cli — (32 


and a fnndamental system of solntions to ([I]) for 61 ^ Z aronnd x = e 
is given by the colnmn vector 


/ 

^X^~^^2Fi 


2-^1 


Cll 


ai, a2 

bi 

61 -|- 1, 02 
2-61 




bi + 1 


:x 


1 


where e is a snfiiciently small positive real nnmber. 


2.2. Circuit matrices Mq and Mi. In this snbsection, we assnme 
that 

(3) Oi, 02 , &l, Oi — 61 , O 2 — &l, Oi -|- O 2 — 61 ^ Z. 

We set 

Ai = exp(27r\/^Oi), A2 = exp(27r\/—102), Bi = exp(27r\/—161), 

which are different from 1 nnder onr assnmption. Let po and pi be 
loops inX = C — {0,1} with base x = e represented by 

/do : [0, 1 ] 3 t HA ^ 

^ ’ Pi : [0,1] 3 f ^ 1 - (1 - G X. 

Note that po and pi tnrn positively aronnd a; = 0 and a: = 1 once, 
respectively. The fnndamental gronp 7 ri(X, a;) is freely generated by 
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these loops. We set poo = (po ° Pi) ^ where po o pi is a loop joining po 
to pi. 

We select a fundamental system of solutions to ([1]) around x as 



where pi and p 2 are non-zero constants. Let p be an element of 7ri(X, x). 
Then there exists Mp G GL 2 {C) such that the analytic continuation of 
Ff(a;) along p is expressed as 


M^pF^x). 


We call the circuit matrix along p with respect to the basis F^ix). 
We set 


= Mf = Ap., = 


By the expression of Ff(a;), the following is obvious. 

Lemma 2.1. For any non-zero constants pi and g 2 , we have 



By using an Euler type integral representation of solutions to ([I]), 
we can show the following as is in Lemma 5.2 of [Maj . 

Lemma 2.2. There exists H G GL 2 {C) such that 

M^H = H 

for any p G tii{X,x), where z{ai,a 2 ,biy = z{—ai,— 02 ,—bi) for any 
function z of ai,a 2 ,bi, and Z'^ = (zfj) for a matrix Z = (%). 

Note that the matrix H depends on the ratio of pi and p 2 - We treat 
the entries of H as indeterminants. By determining them, we express 
a representation matrix of the circuit transformation along pi. 

Lemma 2.3. The matrix H in Lemma \2.2\ is diagonal. 


Since Bi ^ 1 under our assumption, hi 2 and h 2 i should be 0. □ 


Proof. We set H 
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By the Riemann scheme ([2]), it is easy to see that the eigenvalues of 
Ml are 1 and I = Bi/{A 1 A 2 ). Note that I 7 ^ 1 under our assumption. 

Lemma 2.4. Let v = (^ 1 ,^ 2 ) be the eigenvector of Mf of eigenvalue 
I = Bi/{AiA 2 ), and w be that of eigenvalue 1. Then we have 

wH = 0, vH 7 ^ 0, V 1 V 2 7 ^ 0. 

Proof. By Lemma [2.21 we have 

wH V = w{MfH \Mfy) V = {wMf)H 
= IwH^v'^. 

Since / 7 ^ 1, wH vanishes. 

Note that 

\wJ \wJ V ^ J ■ 

Since v and w are linearly independent, if vH = 0 then H degen¬ 
erates. This contradicts to H & GL 2 {C). Thus we have vH 7 ^ 0. 

Suppose that vi = 0. Then (0,1) is the eigen vector of Mf of eigen¬ 
value 1. By the equality wH = 0, (1,0) is the eigen vector of Mf 
of eigenvalue 1. Thus we have 

= (0 Bi/{AiA 2 )) ■ 

The eigenvalues of 

(M’J-' = MSMf = (J 

are 1 and l/{AiA 2 )'., this contradicts to the Riemann scheme ([2]) under 
our assumption ([3]). Hence we have vi 7 ^ 0. We can similarly show 

T2 7^ 0. □ 

Note that the eigenvector v of Mf of eigenvalue I depends on the 
ratio of gi and 5 ^ 2 • We can choose gi,g 2 in dS]) so that the eigenvector 
V of Mf of eigenvalue I becomes v = (1,1). From now on, we £x the 
constants gi and g 2 as the above values. We denote the fundamental 
system of solutions to ([I]) around x for these constants in (JSj) by F 2 (a;). 
The circuit matrices along po,Pi,Poo with respect to F 2 (a;) are denoted 
by Mo, Ml, Moo, respectively. 

Lemma 2.5. The circuit matrix Mi is expressed as 

Ml = id 2 - ^ / H *vv, 
vH W 

where id^ is the unit matrix of size m, I = Bi/{AiA 2 ) and v = ( 1 , 1 ). 
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Proof. We set 

M[ = id2 — \ / H *w. 
yH *v 

We show that the eigenspaces of M[ coincides with those of Mi. We 
have 

vMi = Y(id2 - , H 

V yH *v / 

= V — (1 — 1 )y = Iy, 

which means v is an eigenvector of M[ of eigenvalue 1. Let tc be a 
vector satisfying wH V = 0. Then we have 

wMi = w(id 2 —-/-if Vv) 

V yH W / 

= w -—- Y = W, 

yH *v 

which means w is an eigenvector of of eigenvalue 1. Since Mi and 
M'l have the same eigenspaces, they coincide as matrices. □ 


We regard the diagonal entries of if as indeterminants in the ex¬ 
pression of Ml in Lemma 12.51 By evaluating them, we determine the 
circuit matrix Mi. Note that the expression of Mi in Lemma 12.51 is 
invariant under a scalar multiple to if. We can assume that 


Proposition 2.1. 

{Bi 


h = 


H = 

We have 

- Ai){Bi — A2) 


1 0 
0 h 


Bi{Ai — 1)(^2 ~ 1 ) ’ 

/ Bi{Ai - 1){A2 - 1 ) Bi{Ai - 1){A2 - 1 ) \ 


Ml = id2 — 


^i^2(iii — 1) ^i^2(iii — 1) 

{Bi - Ai){Bi - Ala) {Bi - Ai){Bi - Ala) 


\ ^l^2(iil ~ 1) 


^l^2(iil ~ 1) / 


Proof. We compute the trace of MqMi, which should be 1/Ai -|- 1/^42 
by the Riemann scheme ([2]). Since 


MqMi 


1 0 
0 Rfi 


1 -^ ( 1 1 ^ 

l + h\ Bf^h Bf^h ) ’ 
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we have 

tr(MoMi) 


1 + + 




1 + h 

(^ 1^2 + + A 1 A 2 + 


1 1 

Ai A 2 


We can reduce the last equation to a linear equation with respect to h, 
which is solved as 


{A,-B^){A2-B^) 

i?l(Ai-l)(A2-l)- 

We obtain the expression of Mi by the substitution of this solution into 
Lemma 12.51 □ 


Remark 2.1. Note that 


We have 


vH V = tr(M) 


{A,A2-B,){Bi-1) 
(Ai-1)(A2-1)Ri ■ 


1 — 1 _ ^ 1^2 ~ Bi [Ai — 1){A2 — l)Bi _ [Ai — 1){A2 — l)Bi 

vH *v A 1 A 2 (^ 1^2 ~ Bi)[Bi — 1) AiA 2 (yBi — 1) 

in which the factor A 1 A 2 — Bi is canceled. 


We conclude this subsection by the following. 

Theorem 2.1. Suppose the non-integral condition ^ for 01,02 and 
bi- Then there exists a fundamental system F 2 (x) of solutions to the 
hypergeometric differential eguation m around x = e such that the 
circuit matrix Mq and Mi along the loops po and pi in 0 are expressed 
as 

Bp)' 

where e is a sufficiently small positive real numbers, Ai = ^ 

A 2 = Bi = I = Bi/{AiA 2 ), v = (1,1) and 

H= I „ (^1 ~ -Si)(^2 - Bi) I . 

V Bi{Ai-l){A2-l)J 
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3. Monodromy representation of pFp_i 


3.1. Generalized hypergeometric differential equation. The gen¬ 
eralized hypergeometric series is defined by 

P / oi,..., Op \ ^ {ai,n) ■ ■ ■ {ap,n) 

" J ^^{h,n)---{bp.„n){l,nf ’ 

where the main variable x is in {x G C | |x| < 1}, oi, ..., a^, 6i, ..., 6p_i 
are complex parameters with bi ,..., 6p_i ^ —N. This series satisfies 
the differential equation of rank p\ 

(6) ix^ + ai)---{x^ + ap)f{x) 

ax ax 

= 

This is a Fuchsian differential equation with regular singular points at 
X = 0, 1, oo. The Riemann scheme of ([S]) is 


( 7 ) 


X 

= 0 

X 

= 

1 

X = oo 


0 


0 


ai 

1 

-6i 


1 


0-2 

1 - 

1 

. . 

P 

— 

2 

Clp—l 

1 - 

^p—1 

^P-^b- 

— 


dp 


and a fundamental system of solutions to (0 for 6i,..., 6p_i ^ Z around 
X = £ is given by 


/ 


( 8 ) 


Fp-i 


p-" p 


X 


X 


i-bi p 

p—1 


ai 


(Zl, • • • ; Ojp 
6i,... ,6p_i’ 
&i -|- 1,..., Op 




bi + 1 


2 — &i, &2 — 6i 1,..., bp—I — 6i -|-1’ 


X 


V 


Fp-i 


pj- p 



bp-i + 1,..., Op — bp_i + 1 

+ 1, • • •, bp-2 — bp-i + l, 2 — bp_i 




where e is a sufficiently small positive real number. Note that there are 
p — 1 linearly independent holomorphic solutions to ([6]) on an annulus 
{x G C I 0 < |x — 1| < £}. 


3.2. Circuit matrices Mq and Mi. In this subsection, we assume 
that 

p p-i 

Oj, bj, ai — bj^ bj — bj', a* — bj ^ Z, 

i=l j=l 


( 9 ) 






MONODROMY REPRESENTATIONS OF HYPERGEOMETRIC SYSTEMS 9 


where 1 < i < p, 1 < j, j' < p — 1 and j ^ j'. We set 

Ai = exp(27r\/—loj), Bj = exp(27r\/—Ifej), 

for 1 < ^ < p and 1 < j < p — 1. We choose a fnndamental system 
F^(x) of solntions to ([6]) around x = e as the left multiplication of the 
diagonal matrix 


/9i 


9 = 


92 


\ 


9p/ 


G GLp(C) 


to the column vector ((HI). 

Let Mq and Mf be the circuit matrices along the loops po and pi in 
(jl]) with respect to F^(x). We set 


Lemma 3.1. For any diagonal matrix g G GLp{C), the circuit matrix 

IS 


/I 

\ 



Proof. It is clear by ([H]). 


□ 


As is in subsection 12.21 we have the following lemma. 


Lemma 3.2. Let he the circuit matrix along p G 7ri(X, x) with 
respect to F^(x). Then there exists a diagonal matrix H G GLpifC) 
such that 

M^pH = H, 

where z(ai,... ,ap,bi, ■ ■ ■, bp-iY = z{-ai,-Op, -bi,-bp_i) for 
any function z of the parameters. 


The matrix H depends on the ratio of gi and g 2 . We treat the entries 
of H as indeterminants. 

By the Riemann scheme ([7]) and our assumption ([2]), the eigenvalues 
of Mf are 1 and 

'=(nA)/(flA); 

j=l 1=1 

the eigenspace of Mf of eigenvalue 1 is p — 1 dimensional and that of 
eigenvalue I is one dimensional. 
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Lemma 3.3. Let v = (fi ,... ,Vp) be an eigenvector of Mf of eigenvalue 
1. Then the eigenspace of Mf of eigenvalue 1 is characterized as 

{w e I wH V = 0}. 

Moreover, the vector v satisfies 

vH V ^ 0. 

Proof. Trace the proof of Lemma 12.41 □ 

Lemma 3.4. Let v = {vi,... ,Vp) be an eigenvector of Mf of eigenvalue 
1. Then the circuit matrix Mf is expressed as 

Moreover, none of vi,... ,Vp vanishes. 

Proof. We set 

We show that the eigenspaces of M[ coincides with those of Mf. Note 
that 

vM[ = V (id„ - ^v'^v] = V — (1 — l)v = Iv, 

\ vH J 

wM, = w vvj=w --n = in, 

for any element w satisfying wH = 0. By Lemma 13.31 we have 
M[ = Mf. 

Suppose that Vi = 0. Then the matrix Mf takes the form 

i 

1 0 1 0' 

y * *0' * J 

by its expression, where 0 and 0' are zero vectors. Since Mq is diagonal, 
we have 

i 

j* *0 * \ 

M»Mf = i 0 B-\ 0' , 

y * *0' * y 

where we regard So as 1. Hence M^o has an eigenvalue Sj_i, which con¬ 
tradicts to the Riemann scheme ([7]) under our assumption ([ 9 ]). There¬ 
fore, we have Uj 7 ^ 0 for 1 < i < p. □ 
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We choose gi,gp so that the eigenvector of eigenvalue I becomes 
V = (1,..., 1). From now on, we £x the constants gi,... ,gp as the 
above values. We denote the fundamental system of solutions to ([6]) 
around x for these constants in F^(x) by Fp(a:). The circuit matrices 
with respect to Fp(a:) are expressed by 


( 10 ) 


/I 


Mo = 




-1 


V 



Ml = idp - —H *vv. 

vH H 


Here we regard the diagonal entries of H as indeterminants in the 
expression of Mi. By evaluating them, we determine the expression of 
Ml. Note that the expression of Mi is invariant under a scalar multiple 
to H. We can assume that 


( 11 ) 


\ 

hi 

\ hp—ij 


Note that the matrix H is unique after this normalization. 


Proposition 3.1. For 1 < k < p — 1, we have 


hk 


-( n (B,-i))(n(A-B.)) 

bJ U 


Proof. We consider the eigen polynomial 


Q{t) = det(t • idp — MqMi) 
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of the matrix MqMi = . By the Riemann scheme ([7]), 1/Ai,... ,1/Ap 

are solutions to the equation Q{t) = 0. Thus we have 


det(MoMi — 

idp/Ai) 




do T h 

/i 

/i 

/i 

jjiBi^hi 

di fiB^ hi 

fiB 

r'hi 

^Bi^hi 

fiB2^h2 

fiB2^h2 

d2 /i52 ^^2 

flB2^h2 

/iRp_ihp_i 

^Bp_^hp_\ 

^^Bp_ 

-ihp—i 

■ ■ ■ dp-i + 

do + Ai 

/i p ■■■ 

h 



-do^r^hi 

hi 0 ■ ■ ■ 

0 



—doB2 ^h2 

0 d2 • • ■ 

0 




hp—i 


-doBp\hp_i 0 0 


dp—I 


1 

1 + hi + ■ ■ ■ + hp—i 


V 

1 - 1 

1-1 ■ 

■ / - 1 


-do^r^hi 

di 

0 

0 


— ^0-^2 ^^2 

0 

d2 

0 

= 0 

doi?p_ihp_i 

0 

0 

dp—i 



where jj, 


I - 1 

1 + hi + ■ ■ ■ + hp—i 


V — d^ijii + • 


T hp—\) T / — 1/^r and. 


_ A^ — 1 _ Ai — Bi _ Bp_i 

' “ A,B^ ’ • • • ’ A,Bp-^ 


The last determinant is linear with respect to hi,, hp_i since these 
variables appear only in the hrst column as linear terms. By the cofac¬ 
tor expansion with respect to the hrst column, we can evaluate its coeffi¬ 


cient of hk and its constant term. 


By multiplying Af' ( fl A,) (u B 

Vj=l /V 7 = 1 


to them, we have a linear equation 


p—l 

k=l j=l 

p—l 

= (nA,-B,))( n 

j=i i<j<p i=i 


i/fc 

If B, 





















MONODROMY REPRESENTATIONS OF HYPERGEOMETRIC SYSTEMS 13 


from Q{l/A^ = 0. By letting ^ vary from 1 to p, we have a system of 
linear equations with respect to hi,, hp_i. We can check that 


hk 


-( n (Bj-i))(n(T-Bo) 
bJ n 


(1 < fc < p — 1) 


satisfy this system of linear equations. The uniqueness of H completes 
this proposition. □ 


Remark 3.1. Note that 


yH V = tr(R) 


P P-l N P-1 

n T - n a) n (a 

i=i j=i ' j=i 


ri(A 


2=1 


p-1 

1) n B, 


i=i 


1 ) 


We have 


1-1 
vH *v 




2 = 1 


P-1 

i)nE 


i=i 


p p-i ’ 

nTn(E-i) 


p p-1 

in which the factor 1\ Ai — 1\ Bj in 1 — I and vH V is canceled. 

i=l j=l 


We conclude this subsection by the following. 


Theorem 3.1. Suppose the non-integral condition for oi,..., 

6i,..., hp_i. Then there exists a fundamental system Fp(a:) of solutions 
to the hypergeometric differential eguation ^df) around x = e such that 
the circuit matrices Mq and Mi along the loops po and pi in m are 
expressed as 


/I 


Mo = 


B-i 


-1 




Ml = idp 


1-1 
vH H 


HWy, 


V BpJ 

where e is a sufficiently small positive real numbers, Ai = 

{1 <i <p), Bj = (1 < j < p -1), / = (n n a) , 
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V = (1,..., 1) and 


n 


H = 


hi 




hk 


^i<j<p-i ' ^*=1 




hp—i/ 


Bh 






n (5,-5.) n(A- 1 ) 


{I < k < p — 1). 


4. Monodromy representation oe Fc 


4.1. Lauricella’s Fc system. In this subsection, we refer to (aK].[HT] 
and |La] . Lauricella’s hypergeometric series Fc is defined by 


F 


Q-l, 0-2 


C ' h 

Oi, ... ,0m 

^ (ai,ni 


, Xi , . . . , X-yn 

■ ■ + nm){a2,ni H-h n„) 


„ „ PM- ibi,ni)---{bm,nm){l,ni)---{l,nm) 

/tl,.. .,fLrn tiN 


-X, 


■ x^ 


where the vector x = [xi,..., Xm) consisting of the main variables is in 
{x G C”* I \/|a;i| + • • • + \/|a:m| < 1}) 

and ai,a 2 ,bi,... ,bm are complex parameters with bi,... ,bm ^ —N. 
This series satishes differential equations 


X 


{1-Xi)di-Xi ^ Xjdidj- ^ Xj^Xj^dj^dj^ 
l<j<m l<il,i 2 <«i 

+{bi-{ai + a2 + l)xi}di-{ai + a2 + l) ^ Xjdj-aia2 f{x) = 0 , 


{i = 1,..., m), which generate Lauricella’s Fc system of hypergeomet¬ 
ric differential equations. Here di is the partial differential operator 
with respect to Xj. Lauricella’s Fc system is integrable of rank 2"* and 
regular singular with singular locus 


Sm = {xeC^\Xi---XmR{X) = 0}, 
where Rm{x) is a polynomial of degree 2™'“^ given by 

(1 + -1- • ■ ■ (Jmy/Xm). 

G\ ,...,cr77i=il 
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Fact 4.1 (|La]). If bi,... ,bm ^ ^ then a fundamental system of so¬ 
lutions to Lauricella’s Fq system around x = (^i,... ,6^) is given as 
follows: 


1 


m 

~ + 1 \ 

^ bi,..., 2 -b„...,bm ’ J 



C) 

f n 

j^Jr 

/ ai + ^(1 —6j),a2+ \ 

ieJr j&Jr ; X 1 

\bi + 25i^j^(l — 61), . . . , 6m + 2(5m,Jj.(l~6m) / 



1 

n ^ 

Lj=l -1 

/ m m \ 

P 1 + S(1 - ^i))02 + ^(1 - &j) I 

Xc 1 j=l j=l 

\ 2 - 61,... ,2 - 6m / 


where £ 1 ,... ,6:^ is a sufficiently small positive real numbers satisfying 


Si SfYly 


and Jr is a subset of {1,..., m} of cardinality r, and 


( 12 ) 


^i,Jr — 


1 if % ^ Jr., 
0 if i ^ Jr- 


We denote the solution with the factor xj in Fact 14.11 by 

Fq{x). For the empty set Jo = 0, we omit Jo from this expression, 
i.e., 



4.2. Circuit matrices of Lauricella’s Fc- In this subsection, we 
assume that 

m 

(13) &1,..., bm, ai-'^bj, a2-'^ bj, 2(ai + a2-'^ bj) ^ Z, 

j&j j&j j=i 

where J runs over the subsets of {1,..., m}. We set 
Ai = exp(27r\/—loj) {i = 1,2), Bj = exp(27r\/—16^) (1 < j < m). 
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We choose a fundamental system F^(x) of solutions to Lauricella’s 
system of Fc around x = {ei,, Em) as 


F^c(^) = 9 


( Fcix) \ 

FSix) 


\Flr{x)l 


, g = diiig{g^,...,gj,...,gjJ G GL 2 -(C), 


where diag(zi,..., Zm) denotes the diagonal matrix with diagonal en¬ 
tries ^ 1 ,..., Zrm J C {1,..., m} are arranged lexicographically, i.e, 


Jo = 0, {!}, {2}, {1, 2}, {3}, ...,{1,2, 3}, {4},..., (1,..., m} = J^. 


Note that the order of J from the smallest is 

m 

2'^ = 1 + ^ = 1 -|- Si^j2^ + 52,j2^ + (53 ,j2^ + • • • + 5m,j2F 

i=l 

where is given in flT^ . 

Let X be the complement of the singular locus Sm in C™. Let p 
be a loop in X with base point x = (^i,... ,£„,)■ Then there exists 
Mp G GL 2 m{£,) such that the analytic continuation of F^(a;) along p is 
expressed as M^F^(a;). We call the circuit matrix of Lauricella’s 
system Fq with respect to the fundamental system F^(x). 

We give a system of generators of the fundamental group 7ri(X, x). 


Fact 4.2 (P). Let pi (1 < i < m) be a loop defined by 

i-th 

Pi : [0,1] 3 t I—)■ ( £i,. . . , £j_i, £i+i,. . ., £m ) G W, 

and let pm+i be a loop in the intersection of X and the line 

L = {x-teC^\teC} 

starting from x, turning around the nearest point of the intersection 
S'm n L to X once positively, and tracing back to x. Then these loops 
generate the fundamental group tti{X,x), and satisfy the relations 

pjpi = pipj, {pipm+i^ = {pm+ipiY, {l<i<j<m). 


Lemma 4.1. We have 

{Pm+l ■ Pm ■ Pm+l ' Pm ) ' Pm — Pm ' (Pm+1 ' Pm ' Pm+1 ' Pm )) 

-1 ^ / 

Pm+1 ■ pm ■ Pm+1 ' Pm ~ Pmi 

where p^ is the generator of 7ii{X', x') for X' = — Sm-i naturally 

embedded in the space X = {x G C™ | Xi ■ ■ ■ Xm-iRm{x) ^ 0} with 
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base point x' = (^i,..., Sm-i) G X', and ~ denotes the homotopy 
equivalence in X. 

Proof. It is a direct consequence from Fact 14.21 that pm+i ■ Pm ■ Pm+i ■ Pm 
commutes with pm- Let the line L move along pm- By tracing the 
deformation of Pm+i, we have a loop starting from x, turning around the 
second nearest point S'^FlL to x once positively, and tracing back to x. 
Since the base point x moves along pm, this deformation is homotopic 
to Pm ■ Pm+I ■ Thus the loop 

Pm+l ■ (Pm ■ Pm+l ' Pm ) 

turns around the hrst and second nearest points Sm P L to x once 
positively. Consider the limit as Xm —t 0. These points meets and the 
polynomial Rm{xi ,..., Xm) reduces to Rm-i{xi ,..., Xm-i)"^- Moreover 
the duplicated point is the nearest point of the intersection S'm-i H L' 
to x'. Hence the loop Pm+i • pm ■ Pm+i ■ P^ is homotopic to □ 

We set 

Mf = M^. (1 < 7 < m + 1). 

Lemma 4.2. The circuit matrix Mf of Lauricella’s system Fq is a 
diagonal matrix whose entry corresponding to a subset J of {1,, m} 

if i e J, 
if i^ J, 

where Bi = expiflny/ —Ihi) . They are independent of the diagonal ma¬ 
trix g G GL (C). 

Proof. We have only to note that the solution has a factor x] if 
and only if i G J. □ 

There are 2”^“^ subsets J’s such that i G J for any 1 < z < m. The 
both eigen spaces of Mj of eigenvalue l/H* and of eigenvalue 1 are 2™“^ 
dimensional. 

We need the following two facts given in 

Fact 4.3. Let Mf be the circuit matrix along p G 7ri(X, h) with respect 
to F^{x). Then there exists a diagonal matrix H G GL 2 m(C) such that 

M^H = H, 

where z(ai, 02 , bi,..., bmY = z{—ai, — 02 , —bi,..., —bm) for any func¬ 
tion z of the parameters. 
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Note that the matrix H depends on the diagonal matrix g G GL 2 m (C). 
We treat the entries of H as indeterminants. 

Fact 4.4. The eigenvalues of the circuit matrix consists ofl and 

1. The eigenspace of eigenvalue I is spanned by a row vector v. The 
eigenspace of eigenvalue 1 is 2"^ — 1 dimensional. 

Remark 4.1. It is shown in [G] that the eigenvalue I of the circuit 
matrix M^+i is 

m 

(-ir+i(nB,)/(yiiyi2), 

i=i 

which is different from 1 under our assumption, where Ai = exp(27r\/—loj) 
{i = 1,2). In this subsection, we treat A as an indeterminant different 
from 1, and we show that X should take the above value. 

Lemma 4.3. Let n = (. .., vj,.,... ) be an eigenvector of of eigen¬ 
value 1. Then the eigenspace of eigenvalue 1 is characterized 

as 

{ta e I wH = 0}. 

Moreover, the vector v satisfies 

vH V ^ 0. 

Proof. Trace the proof of Lemma 12.41 □ 

Lemma 4.4. Let v be an eigenvector of of eigenvalue 1. Then 

the circuit matrix is expressed as 

Mfn+I = ^v'^v. 

Moreover, no entry of v vanishes. 

Proof. For the expression of trace the proof of Lemma [3.41 We 

show that the j-th entry Vj of v does not va ni sh. Under our assumption 
f ll3p . Lauricella’s Fc system is irreducible by Theorem 13 in Ell. 
Suppose that Vj = 0. Then the matrix takes the form 

3 

/ * *0 * \ 

J 0 1 0' 

y* *0' * J 

by its expression, where 0 and 0' are zero vectors. Since Mf (1 < 
i < m) are diagonal, the space spanned by the j-th unit vector is 
invariant under the actions of circuit matrices. This contradicts to the 
irreducibility of the system. Therefore, we have Vj 7 ^ 0. □ 
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We choose g G GL2m{C) so that the eigenvector of eigenvalue I be¬ 
comes V = (1,..., 1). From now on, we £x the entries of g as above 
values. We denote the fundamental system of solutions to Lauricella’s 
Fq around x for this g in F^(a;) by F(7(a;). We denote the circuit ma¬ 
trices with respect to F( 7 (a:) by Mi,..., Mm and Mm+i- Explicit forms 
of Ml,..., Mm are given in Lemma [4.21 and we have 



Mm+l — M2™ — 


where we regard I and the entries of H as indeterminants. By evaluating 
them, we determine the expression of Mm+i- By a scalar multiplication 
to H, we can assume that 


M = diag(l,...,hj,...), 


where J runs over the non-empty subsets of {1,..., m} arranged lexico¬ 
graphically. Note that the matrix H is unique after this normalization. 

Lemma 4.5. The eigenspace of Mm+i of eigenvalue 1 is spanned by 
row vectors 

hje^-ej, 0 7 ^ J C {1,... ,m}, 

where = (1, 0 ,..., 0) G and ej is the 2'^-th unit vector of size 


Proof. Since v = (1,..., 1), and FI = diag(l,..., hj ,...), we have 

{hje^ - ej)H = {hje^ - hjej) \ = hj - hj = 0. 

By Lemma SSI these vectors span the the eigenspace of M^+i of eigen¬ 
value 1. 


□ 


Proposition 4.1. We have 



(Ai-i)(A2-i)nBi 


^ 



m 


A = (-ir+‘(n^^)/Gi-49. 


where \J\ is the cardinality of J. 
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Proof. At first, we determine the entries of H. We use the induction 
on m. We have shown in Proposition 12.11 that our assertion holds for 
m = 1. 

Assume that our assertion holds for m — 1. From our fundamental 
system Fc'(a:) to Lauricella’s system Fc, we choose the 2"*“^ solutions 
corresponding to the subsets of — 1} and restrict to the hy¬ 

perplane Xm = 0. Then we have the fundamental system F'(^(x) to 
Lauricella’s system Fc of the m — 1 variables xi,, Xm-i- Note that 
the top-left block matrix of Mj (1 < i < m — 1) of size 2™'“^ coin¬ 
cides with the circuit matrix M[ for this fundamental system F'(^(x). 
By Lemma 14.11 the matrix commutes with M^. 

Thus it is block diagonal with block size 2^"“^, i.e., 

We consider its top-left block matrix of size 2™“^. By Lemma 
HU this can be regarded as the circuit matrix of G 7ri(X',x') with 
respect to the restriction of chosen 2”^“^ solutions to Xm = 0. The 
eigenspace of of eigenvalue 1 is 2"*“^ — 1 dimensional by Fact 14.41 
By the assumption of the induction, the other eigenvalue of M!^ is 

m—1 

V = (-l)”^( n Bj)/{AiA 2 ). We show that v' = (1,..., 1) G 
i=i 

is its eigenvector. This is equivalent to show that the top-left block of 
the normalizing matrix g G GL 2 m{C) coincides with the normalizing 
matrix g' G GL 2 m-i (C) for the m — 1 variables case modulo non-zero 
scalar multiplication. Let ej/ and e'j, be the -th unit vector of size 
2™' and that of size 2™“^ for a subset J' of {1,..., m — 1}. Then we 
have ejiMm = eji by Lemma [4.21 Lemma [4.51 yields that 

C j'^ MYn+lAIraAIm+lAI.iy^ hjiCfj, Gji 

for any non-empty set J' of {1,..., m — 1}. Thus 

- e'j, (0 7 ^ J' C {1,..., m - 1}) 
span the eigenspace of of eigenvalue 1. Since 

- e'j,)H'v' = 0 

for the top-left block matrix H' of H of size 2^"“^, v' is an eigenvector of 
of eigenvalue /' by Lemma 14.31 Hence H' coincides with the matrix 
for the case of m — 1 variables, i.e., hji for any subset of{l,...,m — 1} 
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should be equal to 

(^1 - n (a, - n 

( n bMa,- 1 ){A,- 1 ) ■ 

From our fundamental system Fc(x) to Lauricella’s system Fc, we 
choose the 2™“^ solutions corresponding to the subsets of {1,..., m — 
2,m} and restrict to the hyperplane Xm-i = 0. Then we can lead hji 
for any subset J' of {1,..., m — 2, m} similarly to the previous way by 
the symmetry of the Lauricella’ system Fc. Especially, we have 

, _ ~ Bjn)iA2 — Bra) 

{A,-l)iA2-l)B^- 

From our fundamental system F( 7 (a;) to Lauricella’s system Fq, we 
choose the solutions corresponding to the subsets of {1,... ,m} 
including the index m. Note that these solutions include the factor 
We consider the ratio of them and restrict it to Xm = 0. This 
restriction of the ratio coincides with the ratio of the fundamental sys¬ 
tem F( 7 (a;) to Lauricella’s system Fc of the m —1 variables Xi,..., x^-i 
with parameters Oi — bm,a 2 — bm, bi,..., b^-i by Fact 14.1[ Its circuit 
matrices appear in the bottom-right blocks of Mj (1 < z < m — 1) and 
of . We can show similarly to the previous that 

v' = G is an eigenvector of the bottom-right block 

matrix of of non-one eigenvalue. By the as¬ 

sumption of the induction, for any subset J' of {1,..., m — 1}, the ratio 
of hj,u{m} and hm coincides with hj>\^Ai,A 2 )^{Ai/Ba„A 2 /B„,), which is the 
transformed hji by the replacement 

(^ 1 ,^ 2 ) {^AxjBrai A 2 IBm). 

Hence we have 


- b,m ■ ^J'|(Ai,A2)^(Ai/H^,A2/Bm) 
(^1 ~ Bm){A2 - Bm) / lUJ'l 

{Ai-l){A2-l)Bm'^ ’ (A^ 

V Bm 




n B, 

j&j' 



U - n B, 

1 n I jgj'ujm} 

^ iA,-l){A2 



n s, 

jeJ'U{m} 


1) n B, 

jS J'U{m} 
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Next we compute the trace of H. We have seen that our assertion 
on tr(if) holds for m = 1 in Remark I2.1[ Suppose that our assertion 
on ti{H) holds for m — 1. Let H' be the top-left block matrix of H 
of size By the previous consideration and the assumption of the 

induction, we have 


tl{H) = + hm ■ tr(i/')l(Ai,A2)^(Ai/B„,A2/i?™) 

m—1 \ m—1 

+ n ba n(Sj-i) 

_ j-i ' _ 

m—1 

(-4, - 1)(>12 -1)0 B, 


/ m—1 \ m—1 

(^ + (- 1 )™"^ n ^7) n (^7 - 1 ) 


{A,-l){A^-l)B^ 


7&-i)(4^-i) n B, 


m— 1 


j=l 


By taking out the common factor 


m—1 


nw-i)/[Ai-i)(4i2-i)nA 

j=i j=i 


from the above, we have 


m m 

(^a,aa + n j ] R ,) 

i=i i=i 

m 

= (^A,A2 + {-irl[B^>j{B^-l), 

i=i 


which yields our assertion on tr(R) for m. 

Finally, we determine the eigenvalue I so that u = (1,...,1,0,...,0) 
is an eigenvector of Mm+iMmMm+iM^^. Note that 

MmMm+iM~^ = id2m - ^ / R ^'uAw 

wH 

for w = = (1,..., 1, Bm, • • •, Rm)- Note also that 

vH V = wH = tr(R), uH V = uH = tr(R'), 
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vHW = tT{H') + BjhmtT{H%A,,A2)^{Ai/B,r.,A2/B,r.) 


yH 
vH *v 


AiA2{Bm + 1) ri i^j ~ 1) 

__ 

m ■ 

{Ai — 1){A2 — 1)-Bm n 
i=i 

AiA2{Bm + 1) 

m 

{A1A2 + (- 1 )™ n Bj)B,n 
i=i 


Thus we have 


-1 


uMm+lM^Mra+lM^ 

= u ( id 2 m -Vv ) ( id 2 ^ 


yH *v 


1-1 

wH 


H ^w'^w 


^ {1-1)uH^y^ {l-l)uH^Y^^{l-lf{uH^Y){YH^w'^)^ 


yH *v 
uH *v 


yH *v 


{yH 


= u 


/I \ {uH ^y){yH ^w'^) 2 

^(1 - 0(v + -) + 3 1 -') V 


which should be a scalar multiple of u. Since its 2™ entry vanishes, I 
satishes the quadratic equation 


yB 
yH *v 


Hence we have 


1-1 


{Bm + l)v-H V 

BmVH 


i + (-ir(nE)/OiT), 

i=i 


under the assumption 1^1. □ 

Remark 4.2. It is easy to obtain 


i=±(nE)/oiT). 

i=i 

In fact, the determinant of is P. On the other 

hand, the determinants of its top-left block matrix and bottom-right 
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one are 


m—l 

det(AO = (-!)"•( 

3 = ^ 
m—l 

J=1 

respectively. These product is equal to P. 


Remark 4.3. We have 


1-1 
vH H 


(^1 ~ 1)(^2 


m 


1)0 5, 

3=^ 


m 


^1^2 n i^j ~ 1) 

i=i 




m 

m which the factor y4iy42 + ( —1)"* H ini —I and yH V is canceled. 

i=i 


Theorem 4.1. Suppose the non-integral condition IWi) for ai,a 2 and 
bi,... ,bm. Then there exists a fundamental system Ff;(a;) of solutions 
to Lauricella’s Fc system around x = (ei,..., Sm) such that the circuit 
matrices Mi, ..., Mm and Mm+i along the loops pi, .■■, Pm and pm+i 
in Fact\4^ are expressed as 

Mi = diag(l, 

Mm+i = M 2 ™- , H Vv, 


1-1 


■ ■ ■) (1 < ^ < m), 


vH *v 


where e is a sufficiently small positive real numbers, Ai = 
{i = 1, 2), Bj = (1 < j < m), V = (1,..., 1) e 


^i,J 

H 

hj 


A 


f 1 if i E J, 

\ 0 if i^ J, 

diag(l,...,/ij,...), 

(^1 - n B,) (a, - n B,) 

(UB,){A,-1){A2-1) ’ 

m 

/ (A,A,), 

i=i 


g27r \/ lo,{ 


.J runs over the non-empty subsets of {1,... ,m} arranged lexicograph¬ 
ically, and \J\ is the cardinality of J. 
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Remark 4.4. We have seen that Nm = is block 

diagonal with block size 2™-“^. We inductively define matrices N^-k o,s 

d'dm—k d'dm—k+l-^m—kd'dm—k+l-^rn—ki ^ • • • ) ^ 

Then the matrix N^-k is block diagonal with block size 

References 

[AK] Appell P. and Kampe de Feriet M. J., Fonctions hypergeometriques et hy¬ 
per spheriques: polynomes d’Hermite , Gauthier-Villars, Paris, 1926. 

[BH] Beukers F. and Heckman G., Monodromy for the hypergeometric function 
nFn-i, Invent, math., 95 (1989), 325-354. 

[G] Goto Y., The monodromy representation for Lauricella’s hypergeometric func¬ 
tion Fc, preprint 2014, arXiv:1403.1654v2. 

[GM] Goto Y. and Matsumoto K., The monodromy representation and twisted 
period relations for Appell’s hypergeometric function F 4 , to appear in Nagoya 
M. J.. 

[HT] Hattori R. and Takayama N., The singular locus of Lauricella’s Fc, J. Math. 
Soc. Japan, 66 (2014), 981-995. 

[HU] Haraoka Y. and Ueno Y., Rigidity for Appellfs hypergeometric series F 4 , 
Funkeial. Ekvae., 51 (2008), 149-164. 

[IKSY] Iwasaki K., Kimura H., Shimomura S. and Yoshida M., From Gauss to 
Painleve, Vieweg, Braunschweig, Wiesbaden, 1991. 

[Kan] Kaneko J., Monodromy group of Appell’s system (F4), Tokyo J. Math., 4 
(1981), 35-54. 

[Kat] Kato M., Connection formulas for Appell’s system F 4 and some applications, 
Funkeial. Ekvae., 38 (1995), 243-266. 

[La] Lauricella G., Sulle funzioni ipergeometriche a piu variabili, Rend. Cire. Mat. 
Palermo , 7 (1893), 111-158. 

[Le] Levelt, A. H. M., Hypergeometric functions HI, Nederl. Akad. Wetensch. Proe. 
Ser. A 64, 23 (1961), 386-396. 

[Ma] Matsumoto K., Monodromy and Pfaffian of Lauricella’s Fc in terms of the in¬ 
tersection forms of twisted (co)homology groups, Kyushu J. Math., 67 (2013), 
367-387. 

[MY] Matsumoto K. and Yoshida M., Monodromy of Lauricella’s hypergeometric 
FA-system, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 13 (2014), 551-577. 

[Mi] Mimachi, K., Intersection numbers for twisted cycles and the connection prob¬ 
lem associated with the generalized hypergeometric function Int. Math. 

Res. Not. IMRN, (2011), 1757-1781. 

[O] Ohara K., Computation of the monodromy of the generalized hypergeometric 
function pFp_i(ai,..., Op; 62 ,..., bp; z), Kyushu J. Math., 51 (1997), 101-124. 

[T] Takano K., Monodromy group of the system for Appell’s F 4 Funkeial. Ekvae., 
23 (1980), 97-122. 

E-mail address: matsu@math.sci.hokudai.ac.jp 

(Matsumoto) Department of Mathematics, Hokkaido University, Sap¬ 
poro 060-0810, Japan 


